Transitive Lie algebroids have specific properties that allow to look at the transitive Lie algebroid as an element of the object of a homotopy functor. Roughly speaking each transitive Lie algebroids can be described as a vector bundle over the tangent bundle of the manifold which is endowed with additional structures. Therefore transitive Lie algebroids admits a construction of inverse image generated by a smooth mapping of smooth manifolds.
1 Basic definitions and functor T LA g (•) As vector space is commutative Lie algebra, vector bundle E is also commutative Lie algebra bundle. Thus D(E) and D Der (E) are identical in this case. In the following part of this article we use g to note Lie algebra and h to note commutative Lie algebra. All the Lie algebras we consider in this article are finite dimensional.
Functor T LA g (•)
In [1] , K. Mackenzie defines pullback of transitive Lie algebroid over smooth map f : M ′ → M . It means that given a Lie algebra g there is the functor T LA g (•) such that with any manifold M it assigns the family T LA g (M ) of all transitive Lie algebroid with structural Lie algebra g. Hence the functor T LA g (•) is homotopy functor for fixed structural Lie algebra g. There exists a classifying space B g such that T LA g (M ) has one to one correspondence with the family of homotopy classes of continuous maps [M ; B g ]. Here B g is abstract and can be described in more or less understandable way (see [5] ).
Obstruction

Cohomology
Definition 2.1.1. (see [1] , page 107) Let A be an arbitrary Lie algebroid on a smooth manifold M and E is a vector bundle on M . Let D(E) be the Lie algebroid of covariant derivative on Γ ∞ (E). A representation of A on E is a Lie algebroid homomorphism
The cohomology space H n (A, ρ, E), n ≥ 0 can be defined when the representation ρ is given(see [1] , page 260). When A is T M , we denote the representation by ∇ : T M → E. Then there is H n (M, ∇, E), n ≥ 0. The representation ∇ : T M → E can be regard as a flat connection on E(see [1] , page 109, page 186 ). Due to Lemma 1.1.6 and Lemma 1.2.2 in [3] , the following theorem holds.
Theorem 2.1.2. Let E be a vector bundle on smooth manifold M and ∇ : T M → E be a representation of T M on E. Let f : M ′ → M be a smooth map between smooth manifold M ′ and M . Let E ′ = f * E be the pullback of vector bundle over f . Then
(ii) the map f induces a homomorphism between cohomologies
where
From fundamental differential geometry, the following theorem holds.
Theorem 2.1.3. Let E be a commutative Lie algebra bundle with fiber h. Let ∇ be a flat connection on it. Then ∇ induces the system of transition functions {ϕ αβ } for E that are locally constant. Then E can be seen as vector bundle with discrete structural group Aut (h) d , and denoted by E ∇ → M . Here Aut (h) d is the group of all automorphisms of h, that is Aut (h), with discrete topology.
Obstruction class
Let L ba a Lie algebra bundle on smooth manifold M with fiber g. There is a commutative diagram(see [1] ).
in which both rows and columns are exact. Consider a coupling Ξ :
, that is the curvature tensor
in which ∇ is vector bundle map.
Then for curvature tensor
Since vertical column is exact there is a lifting of R ∇Ξ that is a bundle map Ω :
Ξ and cohomology class Obs(∇ Ξ ) depend only on Ξ (see [1] , page 273 and Theorem 7.2.12). Then the class Obs(∇ Ξ ) is called the obstruction class of the coupling Ξ, and is denoted by Obs(Ξ).
Theorem 2.2.1. (The functorial property) Let L ba a finite dimensional Lie algebra bundle on a smooth manifold M . Let M ′ be a smooth manifold and
Further more the obstruction class Obs( Proof. Suppose that the extension exists
Let λ : T M → A be a splitting. Define
and the structural Lie algebra is commutative.
Conversely. If E is flat, there is a flat connection ∇ on E which also is a representation of the Lie algebroids 
Characteristic Classes
In this section a system of characteristic classes of transitive Lie algebroid with commutative adjoint bundle will be described. Then they will be compared with characteristic classes derived from Chern-Weil homomorphism by J. Kubarski ([3] ). As a matter of fact we show that the Chern-Weil homomorphism does not cover all characteristic classes from categorical point of view.
A system of characteristic classes for commutative case
Let h be a finite dimensional commutative Lie algebra. Let Aut (h) d be the group Aut (h) with discrete topology. The functor V ector 
Let
Lemma 3.1.2. (i) ∇ and ∇ ′ are independent of the choice of λ and λ ′ , (ii) : Consider the splitting of transitive Lie algebroid (3)
As ∇ λ is flat connection, there exist chart {ϕ α : E Uα → U α × h} α∈∆ which satisfies the condition
Thus the transition functions {ϕ αβ } α,β∈∆ are all locally constant. Let {V
defined by the formula
The transition functions 
Chern-Weil homomorphism
Definition 3.2.1. (see [3] , page17) Given a transitive Lie algebroid (A,q,M,{,},a) with adjoint bundle L. The adjoint representation of a transitive Lie algebroid [7] , page 191). The adjoint representation ad can rise to A be a splitting and
Define a homomorphism of C ∞ (M )−modules
by the formula
The forms from the image of χ (A,λ),I is closed (see [3] , proposition 4.1.2). Then Chern-Weil homomorphism is defined by the composition
The Chern-Weil homomorphism has functorial property and is independent of the choice of splitting (see [3] , theorem 4.2.2, theorem 4.3.7). Then h (A,λ) can be denoted as
Example
The following example shows that the Chern-Weil homomorphism does not cover all categorical characteristic classes. Consider a flat 1-dimensional vector bundle E over a torus T 2 = S 1 ×S 1 . We will consider E as a Lie algebra bundle with commutative Lie algebra h ≈ R 1 . The structural group of the bundle E is the group R * = R \ {0} with discrete topology. The flat structure on E is defined by an atlas of charts {U α } with trivialization of the bundle E on each chart U α such that all transition function are locally constant. Transition functions are fully defined by a representation of the fundamental
There is a flat connection ∇ on E → T 2 which corresponds to the flat structure on E. This means that the connection on each chart U α (after trivialization of the bundle E) coincides with usual derivative (∇ X = ∂ ∂X ). Construct a Lie algebroid A :
for arbitrary µ ∈ Γ(E; T 2 ), (X, ν) ∈ Γ(T (T 2 ) ⊕ E; T 2 ). Hence locally on the chart U α the function f is constant.
This means that in the case of nontrivial representation the space Γ I (E * ; T 2 ) has only trivial element. Thus the characteristic class for A defined by ChernWeil homomorphism by J.Kubarski is trivial.
On the other hand the characteristic classes due to definition 3.1.3 are not trivial. Namely the structural group Aut (h) d is isomorphic to R\{0} ≈ Z 2 ×R.
Hence the classifying space for vector bundle with discrete structural group h is B Z2 × B R . We have B Z2 ∼ RP ∞ . The group R is a direct sum R ≈ α∈A Q α where each group Q α is isomorphic to rational numbers, Q α ≈ Q. The group Q is isomorphic to the direct limits Q = lim → (Z n , ω n ), where all Z n are isomorphic to Z, and ω n : Z n → Z n+1 , ω n (k) = (n + 1)k.
Thus the classifying space B R can be represent as a direct limits The example show that Chern-Weil homomorphism cannot define all characteristic classes for transitive Lie algebroid. Remark 3.3.2. This example show that there is a natural problem to generalize the Chern-Weil homomorphism for non trivial flat bundle ZL of local coefficients for cohomologies that contain characteristic classes.
